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Abstract
We study conformally-coupled massive scalar field theory with the mass term treated as a per-
turbation in the expanding half of de Sitter spacetime as a toy model for comparing various pertur-
bative formalisms. We point out that the in-out perturbation theory breaks down due to infrared
divergences coming from the infinite future. We then clarify the relation between the free-theory
vacuum and the true vacuum using the Bogolubov transformation and show that the discrepancy
between the free-theory out-vacuum and the true vacuum causes apparent pair creation of free-
theory particles and makes the in-out two-point function differ from the true two-point function.
We also identify the infinite Bogolubov coefficients as the cause of infrared divergences. We then
examine two alternative approaches: the Euclidean and in-in formalisms. We verify that there are
no infrared divergences in perturbation theory with the mass term treated as a perturbation in
either of these approaches and that the two-point function of massive scalar field is reproduced
correctly by these methods.
PACS numbers: 04.62.+v
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I. INTRODUCTION
It is well known that lack of a global timelike Killing vector field in general leads to
non-uniqueness of the vacuum state [1]. (See Refs. [2, 3, 4] for early work on this sub-
ject). However, although de Sitter spacetime lacks a global timelike Killing vector field,
there is a unique ‘physically acceptable’ de Sitter-invariant vacuum state called the Eu-
clidean or Bunch-Davies vacuum for free scalar field theory due to high symmetry of this
spacetime [5, 6] (unless the field is minimally coupled and massless [7, 8, 9]). In this vac-
uum state an Unruh-DeWitt particle detector [10, 11] would click, but the eigenvalue of
the number operator corresponding to the annihilation and creation operators for the Fock
space remains zero at all times. Thus, there are no difficulties in free scalar field theory in
de Sitter spacetime (except for the minimally-coupled massless case), but the usual in-out
perturbation theory in interacting field theory tends to suffer infrared divergences. (These
divergences, which occur in spacetime integrals, are due to the exponential expansion of the
space and are different from the usual infrared divergences in the momentum space. They
are sometimes called “superexpansionary divergences” [12], but since this term is not very
commonly used, we have opted for the term “infrared divergences”.) For example, it has
been shown that the four-point function in ϕ4 theory is infrared divergent in the expanding
half of de Sitter spacetime, i.e. de Sitter expanding universe, if the mass is smaller than a
certain value [12]. As the authors of this work point out, these infrared divergences indicate
that the in-out formalism is inadequate in de Sitter spacetime rather than that the theory
itself is problematic. To clarify this point it will be useful to analyse an exactly soluble model
in de Sitter expanding universe using the in-out perturbation theory and examine how this
theory fails. In this paper we study the in-out perturbation theory for a free conformally-
coupled massive scalar field theory in this spacetime, which is, of course, exactly soluble,
with the mass term treated as a perturbation, which we call ‘our model’ throughout this
paper.
To understand why the in-out perturbation theory can fail in de Sitter spacetime it is use-
ful to recall how it is justified in Minkowski spacetime (see, e.g. Ref. [13]). In the Minkowski
case the total Hamiltonian H of the interacting theory is normally time independent and
bounded below. It is assumed that the free-theory in-vacuum state |0, in〉, i.e. the lowest
eigenstate of the unperturbed Hamiltonian H0 in the infinite past, has a nonzero overlap
with the true vacuum state |Ω〉, i.e. 〈Ω|0, in〉 6= 0. These assumptions allow one to extract
the true vacuum state |Ω〉 from the free-theory in-vacuum state |0, in〉 by taking the limit
t→∞(1− iǫ) in the expansion (in the Heisenberg picture)
e−iHt|0, in〉 = e−iE0t|Ω〉〈Ω|0, in〉+
∑
n
e−iEnt|n〉〈n|0, in〉 , (1.1)
where E0 is the vacuum energy corresponding to the true vacuum |Ω〉 and where |n〉 with
n 6= 0 are the other states with energy En(> E0), and similarly for the out-vacuum state
|0, out〉. This formula allows one to express the time-ordered two-point function of a scalar
field φ(x) in the theory, for example, as
〈Ω|Tφ(x)φ(x′)|Ω〉 = 〈0, out|Tφ(x)φ(x
′)|0, in〉
〈0, out|0, in〉 . (1.2)
Then the right-hand side can be evaluated using time-dependent perturbation theory. In
de Sitter expanding universe the Hamiltonian is time dependent, and therefore the formula
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(1.2) cannot be justified in the same way as in Minkowski spacetime. In this paper we find
that the right-hand side does not give the true two-point function in ‘our model’ of massive
scalar field theory with the mass term treated as a perturbation.
After examining how the in-out perturbation theory fails in ‘our model’, we turn to two
alternative methods: the Euclidean approach and the in-in formalism [14, 15]. It is well
known that free scalar quantum field theory in de Sitter spacetime with Hubble constant
H is equivalent to the thermal field theory with the Gibbons-Hawking temperature H/2π
if one only considers quantities inside the cosmological horizon [5]. (This conclusion can be
extended to certain interacting field theories as well [16].) It is also well known that the
thermal field theory inside the cosmological horizon is obtained by analytic continuation
from Euclidean quantum field theory on the 4-sphere (S4) of radius H−1. We find that this
Euclidean perturbation theory on S4 recovers the correct two-point function in ‘our model’.
The in-in formalism has been advocated by many authors for studying quantum field
theory in time-dependent background spacetime (see, e.g. [17, 18, 19, 20]). We find that this
formalism, which reduces to finding the two-point correlation function of the Heisenberg field
in the free-theory in-vacuum in ‘our model’, reproduces massive scalar field theory correctly.
The rest of the paper is organized as follows. In section II we show that the in-out
perturbation theory suffers infrared divergences in ‘our model’. In section III we calculate
the time-dependent Bogolubov coefficients which relate the annihilation and creation oper-
ators for the massive scalar field and those for the massless scalar field, and use them to
demonstrate that the true vacuum state is seen to have constant pair creation of free-theory
particles relative to the free-theory vacuum state. Then in section IV we use this Bogolubov
transformation to show that the exact two-point function in the in-out formalism is infrared
finite but disagrees with the true two-point function for massive scalar field. We clarify how
infrared divergences emerge at first order in perturbation theory in spite of the finiteness
of the exact in-out two-point function. In sections V and VI we show that the Euclidean
and in-in perturbation theories, respectively, yield the two-point function correctly in ‘our
model’. We summarize our results in section VII. In appendix A we use the standard per-
turbation theory to derive the free-theory particle creation rate found in section III to first
order in the squared mass. In appendix B we explain why the in-out perturbation theory
about a wrong-mass works in Minkowski spacetime in spite of the fact that the correspond-
ing Bogolubov transformation is nontrivial. We use the metric signature −+++ and natural
units ~ = c = 1 throughout this paper.
II. INFRARED DIVERGENCES IN THE IN-OUT PERTURBATION THEORY
Let us first recall how the time-ordered two-point function of a scalar field φ of mass
(M2 + m2)1/2 can be constructed in the in-out perturbation theory about a scalar field of
mass M in Minkowski spacetime. The Feynman two-point function for the scalar field with
mass M is given by
DF (x, x
′) = −i
∫
d4p
(2π)4
1
p2 +M2 − iǫe
ip·(x−x′) . (2.1)
If we introduce a mass term, −1
2
m2φ2, in the Lagrangian as an interaction term, thus
increasing the squared mass from M2 to M2 +m2, the full Feynman two-point function in
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the usual in-out perturbation theory is
∆F (x, x
′) = DF (x, x
′) +
∞∑
n=1
∫
d4yn · · ·d4y1DF (x, yn)
×(−im2)
[
n−1∏
j=1
DF (yj+1, yj)(−im2)
]
DF (y1, x
′) . (2.2)
Substituting (2.1) we have
∆F (x, x
′) = −i
∫
d4p
(2π)4
1
p2 +M2 − iǫ
∞∑
n=0
(
− m
2
p2 +M2 − iǫ
)n
eip·(x−x
′)
= −i
∫
d4p
(2π)4
1
p2 +M2 +m2 − iǫe
ip·(x−x′) , (2.3)
which is the time-ordered two-point function for a free scalar field with mass (M2 +m2)1/2.
Now, let us apply the in-out perturbation theory to ‘our model’ of conformally-coupled
massive scalar field in de Sitter expanding universe with the mass term treated as a pertur-
bation. This spacetime has the following metric:
ds2 =
1
H2λ2
(−dλ2 + dx · dx) , (2.4)
where the conformal time λ decreases from ∞ to 0 towards the future, and where H is the
Hubble constant. The Feynman two-point function for a conformally-coupled scalar field of
mass m of the two points x = (λ,x) and x′ = (λ′,x′) is [6, 21, 22]
∆F (x, x
′) =
H2
16π2
Γ(a+)Γ(a−)F (a+, a−; 2;Z(x, x
′)− iǫ) , (2.5)
where
Z(x, x′) ≡ (λ+ λ
′)2 − ‖x− x′‖2
4λλ′
, (2.6)
a± ≡ 3
2
±
√
1
4
− m
2
H2
. (2.7)
Here, F (α, β; γ; z) is Gauss’s hypergeometric function [23]. The massless case reduces to
DF (x, x
′) =
H2
16π2
1
1− Z(x, x′) + iǫ (2.8)
=
H2
4π2
λλ′
‖x− x′‖2 − (λ− λ′)2 + iǫ . (2.9)
In perturbative expansion in m2 analogous to (2.2) the first-order term in the in-out
Feynman two-point function is
∆
(1)
F (x, x
′) ≡
∫
d4y
√
−g(y)DF (x, y)(−im2)DF (y, x′)
= − im
2
(16π2)2
∫
dλyd
3y
λ4y
1
[1− Z(x, y) + iǫ] [1− Z(y, x′) + iǫ] , (2.10)
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where we have let y = (λy,y). With x and x
′ fixed the integrand behaves like λ−2y as λy → 0.
Thus, the integral is infrared divergent due to its bad behaviour as λy → 0, i.e. as point y
tends to future infinity. However, since the exact time-ordered two-point function exists and
is given by (2.5), these infrared divergences do not imply that the time-ordered two-point
function for massive scalar field is infrared divergent. It simply indicates that the in-out
perturbation theory is inadequate here. It will be found in section IV that these divergences
are due to the breakdown of perturbation theory in a term which should not be present in
the two-point function in the first place.
III. BOGOLUBOV TRANSFORMATION BETWEEN THE TRUE AND FREE-
THEORY VACUA
To understand the failure of the in-out perturbation theory in ‘our model’ it is important
to clarify the relation between the true vacuum state and the free-theory vacuum state. This
relation is embodied in the time-dependent Bogolubov transformation between these vacua,
which we analyse in this section.
In the interaction picture the scalar field is expanded as a free field, i.e. a conformally-
coupled massless field, in ‘our model’:
φI(x) =
∫
d3k
(2π)3
[
akfk(x) + a
†
k
f ∗
k
(x)
]
, (3.1)
where
fk(x) = − iHλ√
2k
eikλ+ik·x . (3.2)
The free-theory vacuum state |0, free〉 satisfies ak|0, free〉 = 0 for all k. This field can also
be expanded as
φI(x) =
∫
d3k
(2π)3
[
bk(λ)gk(x) + b
†
k
(λ)g∗
k
(x)
]
, (3.3)
where gk(x) are the exact mode functions for the scalar field with mass m:
gk(x) =
√
πH
2
λ3/2H(1)ν (kλ)e
ik·x , (3.4)
with
ν =
√
1
4
− m
2
H2
. (3.5)
Here, H
(1)
ν (z) is the Hankel function of the first kind [23]. The operators bk(λ) would be
time-independent in the Heisenberg picture. The true vacuum state |Ω(λ)〉 is defined by
requiring that bk(λ)|Ω(λ)〉 = 0 for all k. These annihilation and creation operators satisfy
the standard commutation relations:[
ak, a
†
k′
]
=
[
bk(λ), b
†
k′
(λ)
]
= (2π)3δ3(k− k′) . (3.6)
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We define the inner product of two functions, f(x) and g(x), which are not necessarily
solutions to any wave equation, by
(f, g)(λ) ≡ i
∫
dΣnµ [f ∗(x)∂µg(x)− g(x)∂µf ∗(x)] (3.7)
= − i
H2λ2
∫
d3x
[
f ∗(x)
∂g(x)
∂λ
− ∂f
∗(x)
∂λ
g(x)
]
, (3.8)
where dΣ = d3x/(Hλ)3 is the volume element on a hypersurface with λ constant, and where
nµ = −Hλ(∂/∂λ)µ is the future-directed unit normal to this hypersurface. Then we have
(fk, fk′)(λ) = (2π)
3δ3(k− k′) , (3.9)
(f ∗
k
, f ∗
k′
)(λ) = −(2π)3δ3(k− k′) , (3.10)
(fk, f
∗
k′
)(λ) = 0 , (3.11)
and similarly for gk, for all λ. We can relate the modes fk(x) and gk(x) by a Bogolubov
transformation:
gk(x) =
∫
d3k′
(2π)3
[αk′k(λ)fk′(x) + βk′k(λ)f
∗
k′
(x)] . (3.12)
One can find these coefficients by the orthonormality property of the mode functions as
αk′k(λ) = (fk′, gk) = αk(λ)(2π)
3δ3(k− k′) , (3.13)
βk′k(λ) = −(f ∗k′ , gk) = βk(λ)(2π)3δ3(k+ k′) , (3.14)
where
αk(λ) =
1
2
√
π
2k
[(
1
2
λ−1/2 + ikλ1/2
)
H(1)ν (kλ) + kλ
1/2H(1)′ν (kλ)
]
e−ikλ , (3.15)
βk(λ) =
1
2
√
π
2k
[(
1
2
λ−1/2 − ikλ1/2
)
H(1)ν (kλ) + kλ
1/2H(1)′ν (kλ)
]
eikλ . (3.16)
Here the prime indicates the derivative with respect to the argument, i.e. kλ in this case.
Thus, we have
gk(x) = αk(λ)fk(x) + βk(λ)f
∗
−k(x) . (3.17)
Then the orthonormality relations (3.9)-(3.14) of the mode functions fk(x) and gk(x) imply
|αk(λ)|2 − |βk(λ)|2 = 1 . (3.18)
Let us recall that for large kλ one has [23]
H(1)ν (kλ) ≈
√
2
πkλ
exp
[
i
(
kλ− 1
2
πν − π
4
)]
. (3.19)
Substituting this formula in (3.15) and (3.16), one finds αk(λ) → 1 and βk(λ) → 0 as
kλ → ∞. We can express αk(λ) and βk(λ) in a form more suitable for perturbation in
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m2 by differentiating them, using the differential equation satisfied by the Hankel function
H
(1)
µ (kλ) and then integrating with the boundary conditions at kλ =∞. The result is
αk(λ) = 1 +
1
2
√
π
2
m2
H2
h− ν(kλ) , (3.20)
βk(λ) =
1
2
√
π
2
m2
H2
h+ ν(kλ) , (3.21)
where
h± ν(z) ≡
∫ ∞
z
ξ−3/2e±iξH(1)ν (ξ) dξ . (3.22)
Now, by equating the right-hand sides of (3.1) and (3.3), substituting (3.17) and then
comparing the coefficients of fk(x) we find
ak = αk(λ)bk(λ) + β
∗
k(λ)b
†
−k(λ) . (3.23)
This equation can be inverted using (3.18) as
bk(λ) = α
∗
k(λ)ak − β∗k(λ)a†−k . (3.24)
These formulas characterize the relation between the true vacuum |Ω(λ)〉 and the free-theory
vacuum |0, free〉 because these vacua are defined by requiring bk(λ)|Ω(λ)〉 = ak|0, free〉 = 0
for all k. Since βk(λ)→ 0 as λ→∞, the true and free-theory vacua agree at infinite past.
On the other hand we have |αk(λ)|, |βk(λ)| → ∞ as λ→ 0, i.e. in the infinite future. This
means that the true and free-theory vacua are orthogonal to each other in each momentum
sector in the infinite future. This feature makes the in-out two-point function different from
the true two-point function as we shall see in the next section. In the rest of this section
we use the Bogolubov coefficients found here to calculate the rate of pair creation of free-
theory particles. (Since there is no energy conservation in de Sitter expanding universe, it is
not surprising that any interaction term in the Lagrangian leads to creation of free-theory
particles on the free-theory in-vacuum- [24, 25]. However, the pair creation discussed here
does not correspond to a physical phenomenon though it would be a physical process if the
mass were changed from 0 to m only for a finite time.)
The number of free-theory particles in the true vacuum is
N =
∫
d3k
(2π)3
〈Ω(λ)|a†
k
ak|Ω(λ)〉
=
Vc
2π2
∫ ∞
0
dk k2|βk(λ)|2 , (3.25)
where Vc =
∫
d3x = (2π)3δ3(0) is the (infinite) coordinate volume of the space. Now, the
physical wave number of the particle is given not by k but by kHλ because (Hλ)−1‖dx‖
is the physical length between x and x + dx. Hence, κ ≡ kλ is the physical wave number
normalized by the Hubble constant H . The free-theory particle number per unit physical
volume V (λ) = Vc/(Hλ)
3 at conformal time λ can be expressed as
n =
m4
16πH
∫ ∞
0
dκ κ2|h+ ν(κ)|2 , (3.26)
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where we have used (3.21). Thus, the number of free-theory particles in each physical
momentum range [κ, κ+dκ] in the true vacuum |Ω(λ)〉 is independent of the conformal time
λ as expected from de Sitter invariance.
Now, a volume expanding with the universe whose coordinate volume is Vc traces out
a spacetime volume Vc/(3H
4λ3) = V (λ)/3H . This means that the number of free-theory
particles created per unit spactime volume is 3Hn. Hence, the rate of pair creation per unit
physical volume is 3Hn/2, i.e.
Γ =
3m4
32π
∫ ∞
0
dκ κ2|h+ ν(κ)|2 . (3.27)
To lowest order in m2 we may approximate h+ ν(κ) by h+1/2(κ). Thus we have
Γ =
3m4
16π2
∫ ∞
0
dκκ2
∫ ∞
κ
e2iξ
ξ2
dξ
∫ ∞
κ
e−2iξ
′
ξ′2
dξ′ . (3.28)
We can integrate by parts twice to obtain
Γ =
m4
8π2
Re
∫ ∞
0
dκ κe2iκ
∫ ∞
κ
e−2iξ
ξ2
dξ
=
m4
8π2
Re
∫ ∞
0
(
κe2iκ
2i
+
e2iκ − 1
4
)
e−2iκ
κ2
dκ
=
m4
32π
. (3.29)
This result will be reproduced by the standard perturbation theory in appendix A.
IV. IN-OUT TWO-POINT FUNCTION FROM BOGOLUBOV TRANSFORMA-
TION
In this section we write down the exact in-out two-point function in terms of the Bogol-
ubov coefficients in ‘our model’ and show that it is in fact infrared finite but does not equal
the true two-point function. Then we find that the divergence of the Bogolubov coefficients
βk(λ) as λ→ 0 is the origin of the infrared divergences in perturbation theory found earlier
in (2.10).
We work in the Heisenberg picture in this section. A conformally-coupled scalar field
φ(x) with mass m is expanded as
φ(x) =
∫
d3k
(2π)3
[
bkgk(x) + b
†
k
g∗
k
(x)
]
, (4.1)
where gk(x) are defined by (3.4). The operators bk are time-independent here because φ(x)
satisfies the field equation with mass m in the Heisenberg picture. The relation between the
free-theory operators, which are now time-dependent, and these operators is unchanged and
given by
ak(λ) = αk(λ)bk + β
∗
k(λ)b
†
−k , (4.2)
bk = α
∗
k(λ)ak(λ)− β∗k(λ)a†−k(λ) . (4.3)
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Let us define ain
k
≡ ak(∞), αink ≡ αk(∞), β ink ≡ βk(∞) and aoutk ≡ ak(0), αoutk ≡ αk(0),
βoutk ≡ βk(0). Thus,
ain
k
= αink bk + β
in ∗
k b
†
−k , (4.4)
aout
k
= αoutk bk + β
out ∗
k b
†
−k . (4.5)
We find from (4.2)-(4.5)
aout
k
= Aka
in
k
+B∗ka
in †
−k , (4.6)
ain
k
= A∗ka
out
k
−B∗kaout †−k , (4.7)
where
Ak = α
out
k α
in ∗
k − βout ∗k β ink , (4.8)
Bk = β
out
k α
in ∗
k − αout ∗k β ink . (4.9)
Now, we can write the in-out two-point function as
〈φ(x)φ(x′)〉in−out = 〈0, out|φ(x)φ(x
′)|0, in〉
〈0, out|0, in〉 . (4.10)
(We have dropped time ordering here because it is not essential.) Since the state φ(x′)|0, in〉
and φ(x)|0, out〉 are one-particle states, the numerator can be written
〈0, out|φ(x)φ(x′)|0, in〉 =
∫
d3k
(2π)3
d3k′
(2π)3
〈0, out|φ(x)aout †
k
|0, out〉
×〈0, out|aout
k
ain †
k′
|0, in〉〈0, in|ain
k′
φ(x′)|0, in〉 . (4.11)
We readily find
〈0, out|φ(x)aout †
k
|0, out〉 = αout ∗k gk(x)− βoutk g∗−k(x) , (4.12)
〈0, in|ain
k′
φ(x′)|0, in〉 = αink g∗k′(x′)− β in ∗k g−k′(x′) , (4.13)
〈0, out|aout
k
ain †
k′
|0, in〉 = (A∗k)−1(2π)3δ3(k− k′)〈0, out|0, in〉 . (4.14)
Thus, we obtain
〈φ(x)φ(x′)〉in−out =
∫
d3k
(2π)3
(1− γoutk γin ∗k )−1
[
gk(x)− γoutk g∗−k(x)
] [
g∗
k
(x′)− γin ∗k g−k(x′)
]
,
(4.15)
where γink ≡ β ink /αin ∗k and γout ≡ βoutk /αout ∗k . In our case β ink = 0. That is, |Ω〉 = |0, in〉.
Hence
〈φ(x)φ(x′)〉in−out =
∫
d3k
(2π)3
[
gk(x)g
∗
k
(x′)− γoutk g∗−k(x)g∗k(x′)
]
. (4.16)
The first term gives the correct two-point function by itself, and hence the in-out two-
point function does not agree with the correct two-point function if βoutk 6= 0 for some k.
Nevertheless, since |γoutk | ≤ 1 in general — in fact |γoutk | = 1 in our case — the in-out two-
point function is not infrared divergent. This might appear to contradict the divergence
in (2.10). However, by formally working to order m2 we recover the divergent term we
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have encountered in perturbation theory as follows. To lowest order in m2 we have γoutk =
βoutk + o(m
2). Hence, to lowest order we have
γoutk = −
im2
2H2
∫
e2iξ
ξ2
dξ , (4.17)
which is infrared divergent. Substituting (4.17) in the second term of (4.16) and approxi-
mating the functions gk(x) by fk(x) given by (3.2), one can express this term as
〈φ(x)φ(x′)〉divin−out = −
1
2
im2λλ′
∫
d3k
(2π)32k
eik·(x−x
′)−ik(λ+λ′)
∫
e2iξ
ξ2
dξ . (4.18)
One can show that this formula reproduces the infrared divergences found earlier by using
(2.10) in the momentum expansion of the free-theory Feynman two-point function,
DF (x, x
′) = H2θ(λ′ − λ)λλ′
∫
d3k
(2π)32k
eik(λ−λ
′)+ik·(x−x′) + (λ↔ λ′) . (4.19)
Thus, as we stated before, the infrared divergences in the in-out Feynman two-point function
in ‘our model’ are due to breakdown of perturbation theory in a term that should not be
present, i.e. the second term in (4.16).
V. EUCLIDEAN APPROACH
As we found in the previous section, the discrepancy between the true vacuum state and
the free-theory out-vacuum state invalidates the use of the in-out formalism for constructing
the two-point function of massive scalar field from massless scalar field. In this section we
point out that the Euclidean approach does work. This means that perturbation theory in
thermal field theory inside the cosmological horizon with the Gibbons-Hawking temperature
H/2π correctly gives the two-point function in ‘our model’.
The static metric of de Sitter spacetime inside the cosmological horizon is
ds2 = −(1 −H2r2)dt2 + (1−H2r2)−1dr2 + r2(dθ2 + sin2 θ dϕ2) . (5.1)
By letting t = iτ and Hr = sinχ, we obtain
ds2 = H−2
[
cos2 χ d(Hτ)2 + dχ2 + sin2 χ
(
dθ2 + sin2 θ dϕ2
)]
, (5.2)
which is the metric of S4 of radius H−1 if τ is periodically identified with period 2π/H .
Thus, the field theory on S4 of radius H−1 describes the thermal field theory inside the
cosmological horizon with temperature H/2π.
Let the full set of mode functions on S4 of radius H−1 be φℓσ(x), where
−φℓσ(x) = ℓ(ℓ+ 3)H2φℓσ(x) , ℓ = 0, 1, 2, . . . . (5.3)
The label σ differentiates the modes with the same quantum number ℓ. Let φℓσ(x) be
orthonormal: ∫
d4x
√
g(x)φ∗ℓσ(x)φℓ′σ′(x) = δℓℓ′δσσ′ . (5.4)
Then, the Green’s function of the unperturbed theory with the equation (−+2H2)φ(x) = 0
is
DE(x, x
′) =
∞∑
ℓ=0
∑
σ
φℓσ(x)φ
∗
ℓσ(x
′)
ℓ(ℓ+ 3)H2 + 2H2
, (5.5)
which satisfies
(−x + 2H2)DE(x, x′) = 1√
g(x)
δ4(x, x′) . (5.6)
The Green’s function for the theory with the equation (− + 2H2 +m2)φ(x) = 0 can be
obtained perturbatively as
∆E(x, x
′) = DE(x, x
′) +
∞∑
n=1
∫
d4yn · · · d4y1DE(x, yn)
×(−m2)
[
n−1∏
j=1
DE(yj+1, yj)(−m2)
]
DE(y1, x
′)
=
∞∑
ℓ=0
∑
σ
φℓσ(x)φ
∗
ℓσ(x
′)
ℓ(ℓ+ 3)H2 + 2H2 +m2
, (5.7)
which is the correct Green’s function, from which the time-ordered two-point function in
the Euclidean vacuum is obtained by analytic continuation.
VI. THE TWO-POINT FUNCTION IN THE IN-IN FORMALISM
Since the Bogolubov transformation becomes trivial for each k as λ → ∞, i.e. β ink = 0,
we have |0, in〉 = |Ω〉. Now, the two-point Wightman function in the in-in formalism is by
definition
∆in(x, x
′) = 〈0, in|φ(x)φ(x′)|0, in〉 , (6.1)
where φ(x) is the Heisenberg operator satisfying the field equation (−+2H2+m2)φ(x) = 0.
This two-point function clearly agrees with the true two-point function 〈Ω|φ(x)φ(x′)|Ω〉
because |0, in〉 = |Ω〉. Thus, the in-in perturbation theory works in ‘our model’. In the rest
of this section we verify this fact to order m2 by a concrete calculation.
We define the interaction Hamiltonian in terms of the free field, φI(x), i.e. the field in
the interaction picture, satisfying (−+ 2H2)φI(x) = 0 as
HI(λ) =
m2
2
∫
d3x
(Hλ)3
: φ2I(x) : , (6.2)
where : · · · : denotes normal ordering. Recall that d3x/(Hλ)3 is the induced volume element
on the hypersurface with λ constant. Then the Heisenberg operator φ(x) is related to the
field φI(x) as
φ(x) =
{
Tˆ exp
(
i
∫ ∞
λ
dv
Hv
HI(v)
)}
φI(x)
{
T exp
(
−i
∫ ∞
λ
dt
Hv
HI(v)
)}
, (6.3)
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where T (Tˆ ) indicates (anti-)time ordering. This formula is more conveniently written (see,
e.g. [26]) as
φ(x) =
∞∑
N=0
ϕ(N)(x) , (6.4)
where
ϕ(0)(x) = φI(x) , (6.5)
ϕ(N)(x) = i
∫ ∞
λ
dv
Hv
[
HI(v), ϕ
(N−1)(v,x)
]
, N ≥ 1 . (6.6)
Then, by substituting (6.2) in (6.6) one can show by induction
ϕ(N)(x) = −m2
∫
d4x′
√
−g(x′)GR(x, x′)ϕ(N−1)(x′) , (6.7)
where the retarded Green’s function GR(x, x
′) is given by
GR(x, x
′) ≡ iθ(λ′ − λ)〈0, in|[φI(λ,x), φI(λ′,x′)]|0, in〉 . (6.8)
(The state |0, in〉 in this equation can be replaced by any other state since the commutator
[φI(λ,x), φI(λ
′,x′)] is a c-number.) This function is given explicitly as (see, e.g. [22, 27])
GR(x, x
′) = θ(λ′ − λ) H
2λλ′
4π‖x− x′‖δ(λ
′ − λ− ‖x− x′‖) . (6.9)
The Wightman two-point function to order m2 in the in-in formalism is
∆(1)(x, x′) = D(x, x′) + Φ(x, x′) + Φ∗(x′, x) , (6.10)
where
D(x, x′) = 〈0, in|φI(x)φI(x′)|0, in〉
=
H2
4π2
λλ′
‖x− x′‖2 − (λ′ − λ− iǫ)2
=
H2
16π2
1
1− Z(x, x′) + iǫ sgn(λ′ − λ) (6.11)
is the free-theory two-point function. The function Φ(x, x′) is defined by
Φ(x, x′) ≡ 〈0, in|φI(x)ϕ(1)(x′)|0, in〉 , (6.12)
where ϕ(1)(x) is given by (6.7).
Now, if ∆m2(x, x
′) is the Wightman two-point function for the conformally-coupled scalar
field with mass m, then (see, e.g. [28, 29])
∂
∂m2
∆m2(x, x
′)
∣∣∣∣
m2=0
=
1
16π2Z(x, x′)
log [1− Z(x, x′) + iǫ sgn(λ′ − λ)] . (6.13)
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Therefore, what we need to show is
Φ(x, x′) + Φ∗(x′, x) =
m2
16π2
1
Z(x, x′)
log [1− Z(x, x′) + iǫ sgn(λ′ − λ)] . (6.14)
We find, using (6.12), (6.7) and (6.5),
Φ(x, x′) = −m2
∫
d4y
√
−g(y)GR(x′, y)D(x, y) . (6.15)
We have, after redefining the integration variables y as y + x′,
Φ(x, x′) =
m2λλ′
16π3
∫
d3y
y(y + λ′)2
1
(λ′ − λ+ y − iǫ)2 − ‖x− x′ − y‖2 , (6.16)
where y ≡ ‖y‖. Performing the angle integral and then the integral over y, we find
Φ(x, x′) =
m2λλ′
8π2‖x− x′‖
[
1
λ′ + λ+ iǫ− ‖x− x′‖ log
λ′ − λ− iǫ+ ‖x− x′‖
2λ′
− 1
λ+ λ′ + iǫ+ ‖x− x′‖ log
λ′ − λ− iǫ− ‖x′ − x‖
2λ′
]
. (6.17)
Since this function is not singular at λ′ + λ = ±‖x − x′‖, we may write λ + λ′ + iǫ simply
as λ+ λ′ without any ambiguity. Then we obtain
Φ(x, x′) + Φ∗(x′, x) =
m2
16π2
4λλ′
(λ′ + λ)2 − ‖x− x′‖2 log
‖x− x′‖2 − (λ′ − λ− iǫ)2
4λλ′
, (6.18)
which can be shown to equal (6.14) using the definition (2.6) of Z(x, x′).
VII. SUMMARY
In this paper we clarified why the in-out perturbation theory fails in de Sitter expanding
universe in ‘our model’ of conformally-coupled massive scalar field theory with the mass
term treated as a perturbation. We also pointed out that the Euclidean and in-in formula-
tions correctly reproduce the exact theory in ‘our model’. These results support the view
that properties of interacting field theory in de Sitter expanding universe are more reliably
extracted using either the Euclidean or in-in formalism rather than the in-out formalism.
Any results using the in-out scattering theory, e.g. the decay rate of a scalar particle due to
self-interaction [30, 31], may need to be re-examined by taking into account the difference
between the free-theory in- and out-vacua in interacting field theories.
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APPENDIX A: APPARENT PAIR CREATION IN THE STANDARD PERTUR-
BATION THEORY
In this appendix we derive the pair-creation rate (3.29) of the free-theory particles using
the standard perturbation theory in the interaction picture. A similar calculation has been
presented for ϕ4 theory in [25], which demonstrated that the free-theory vacuum evolves by
emission of free-theory particles in the interaction picture.
We define the transition amplitude A(k1,k2) from the free-theory in-vacuum state,
|0, free〉, to a state with two free-theory particles, |k1,k2〉 = a†k1a†k2 |0, free〉, as
A(k1,k2) =
∫
dλ
Hλ
〈k1k2|HI |0, free〉
=
m2
2
∫ ∞
−∞
dt
eHt√
k1k2
exp
[
− i
H
(k1 + k2)e
−Ht
]
(2π)3δ3(k1 + k2) , (A1)
where we have made the change of variable from λ to t = −H−1 logHλ, which is the proper
time of the timelike geodesic with x constant. The interaction Hamiltonian HI is given by
(6.2). Then the transition probability is
P = 1
2!
∫
d3k1
(2π)3
d3k2
(2π)3
|A(k1,k2)|2
=
m4
8
∫
d3k1d
3k2
(2π)3
∫ ∞
−∞
dt1
∫ ∞
−∞
dt2
eH(t1+t2)
k1k2
exp
[
−i(k1 + k2)
H
(
e−Ht1 − e−Ht2)]
×δ3(k1 + k2)Vc , (A2)
where Vc =
∫∞
−∞
d3x = (2π)3δ3(0) is the infinite coordinate volume. Changing the variables
again as T = (t1 + t2)/2 and τ = t1 − t2 and integrating over k2, we find
P = m
4
16π2
∫ ∞
0
dk1
∫ ∞
−∞
dT
∫ ∞
−∞
dτ e2HT exp
[
4ik1
H
e−HT sinh
Hτ
2
]
Vc
=
m4
32π2
∫ ∞
−∞
dT
∫ ∞
0
dκ
∫ ∞
−∞
dξ exp (iκ sinh ξ)Vc e
3HT , (A3)
where we have made the change of variables κ = (4k1/H)e
−HT and ξ = Hτ/2. Since Vce
3HT
can be interpreted as the physical volume of the space at time T , we conclude that the
pair-creation rate Γ per unit physical volume is
Γ =
m4
32π2
∫ ∞
0
dκ
∫ ∞
−∞
dξ exp (iκ sinh ξ)
=
m4
32π
, (A4)
which is in agreement with (3.29).
APPENDIX B: IN-OUT PERTURBATION THEORY ABOUT THE WRONG
MASS IN MINKOWSKI SPACETIME
In this appendix we discuss free scalar field φ of mass (M2 +m2)1/2 in Minkowski space-
time with the term −1
2
m2φ2 in the Lagrangian treated as a perturbation. Thus, the mode
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functions for the ‘free’ theory, fk(x), and those for the exact theory, gk(x), are
fk(x) =
1√
2k0
e−ik0teik·x , (B1)
gk(x) =
1√
2K0
e−iK0teik·x , (B2)
where k0 ≡ (k2 +M2)1/2 and K0 ≡ (k2 +M2 +m2)1/2. The Bogolubov coefficients can be
found from (3.13) and (3.14) (with λ replaced by t) with the inner product (3.7) adapted to
Minkowski spacetime. The result is
αk(t) =
1
2
[(
k0
K0
)1/2
+
(
K0
k0
)1/2]
ei(k0−K0)t , (B3)
βk(t) =
1
2
[(
k0
K0
)1/2
−
(
K0
k0
)1/2]
e−i(k0+K0)t . (B4)
We define αink ≡ αk(−T ), β ink ≡ βk(−T ) and αoutk ≡ αk(T ), βoutk ≡ βk(T ), and let T →
∞(1− iǫ) at the end following the standard procedure (see, e.g. [13]). Then
γoutk = γ
in ∗
k = −κe−2iK0T , (B5)
where
κ ≡ K0 − k0
K0 + k0
. (B6)
Thus, the in-out two-point function given by (4.15) reads (for t > t′)
〈φ(x)φ(x′)〉in−out =
∫
d3k
(2π)3
[
gk(x) + κe
−2iK0Tg∗−k(x)
] [
g∗
k
(x′) + κe−2iK0Tg−k(x
′)
]
1− κ2e−4iK0T . (B7)
Since e−2iK0T → 0 in the limit T →∞(1− iǫ), we obtain
〈φ(x)φ(x′)〉in−out =
∫
d3k
(2π)3
gk(x)g
∗
k
(x′) , (B8)
which is the exact two-point function for the scalar field with mass (M2+m2)1/2 (for t > t′).
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